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We study entanglement entropy of excited states in two dimensional conformal field theories
(CFTs). Especially we consider excited states obtained by acting primary operators on a vacuum.
We show that under its time evolution, entanglement entropy increases by a finite constant when
the causality condition is satisfied. Moreover, in rational CFTs, we prove that this increased amount
of (both Renyi and von-Neumann) entanglement entropy always coincides with the log of quantum
dimension of the primary operator.
INTRODUCTION
Quantum field theories (QFTs) contain infinitely many
degrees of freedom and therefore we can define so many
kinds of observables in general. Among them, entangle-
ment entropy is a very helpful quantity especially when
we would like to study global structures of any given
quantum field theory. It is defined as the von-Neumann
entropy SA = −Tr[ρA log ρA] of the reduced density ma-
trix ρA for a subsystem A. The reduced density matrix
ρA is defined from the original density matrix ρ by trac-
ing out the subsystem B which is the complement of A.
For example, we can quantify topological properties by
computing topological contributions in entanglement en-
tropy, so called topological entanglement entropy [1].
One may wonder if there is a sort of topological contri-
bution in entanglement entropy even for gapless theories,
especially conformal field theories (CFTs). The main
aim of this paper is to extract such a quasi-topological
quantity from (both Renyi and von-Neumann) entangle-
ment entropy of excited states in two dimensional ra-
tional CFTs. Refer to an earlier work [2] for a connec-
tion between the topological entanglement entropy and
boundary entropy and to [3] for the one between the
boundary entropy and entanglement entropy.
The n-th Renyi entanglement entropy is defined by
S
(n)
A =
1
1− n logTr[ρ
n
A]. (1)
The limit n → 1 coincides with the (von-Neumann) en-
tanglement entropy. We are interested in the difference
of S
(n)
A between the excited state and the ground state,
denoted by ∆S
(n)
A . Replica calculations of ∆S
(n)
A for ex-
cited states defined by local operators have been formu-
lated in [4–6]. In particular, we will closely follow the
construction in [5], which can be applied to QFTs in any
dimensions. More details can be found in [6]. Indeed, this
quantity is topological as the late time values of ∆S
(n)
A do
not change under any smooth deformations of subsystem
A [5]. Also as we will see, this quantity gets non-trivial
owing to a global structure of conformal blocks of CFTs.
Consider an excited state which is defined by acting a
primary operator Oa on the vacuum |0〉 in a two dimen-
sional CFT. We employ the Euclidean formulation and
introduce the complex coordinate (w, w¯) = (x+iτ, x−iτ)
on R2 such that τ and x are the Euclidean time and
the space, respectively. We insert the operator Oa at
x = −l < 0 and consider its real time-evolution from
time 0 to t under the Hamiltonian H . This corresponds
to the following density matrix:
ρ(t) = N · e−iHte−ǫHOa(−l)|0〉〈0|O†a(−l)e−ǫHeiHt
= N · Oa(w2, w¯2)|0〉〈0|O†a(w1, w¯1), (2)
whereN is fixed by requiring Trρ(t) = 1. Here we defined
w1 = i(ǫ− it)− l, w2 = −i(ǫ+ it)− l, (3)
w¯1 = −i(ǫ− it)− l, w¯2 = i(ǫ+ it)− l. (4)
An infinitesimal positive parameter ǫ is an ultraviolet
regularization and we treat ǫ± it as purely real numbers
until the end of calculations as in [5–7].
To calculate ∆S
(n)
A , we employ the replica method in
the path-integral formalism by generalizing the formula-
tion for ground states [3] to our excited states [5]. We
choose the subsystem A to be an interval 0 ≤ x ≤ L at
τ = 0. It leads to a n-sheeted Riemann surface Σn with
2n operators Oa inserted as in Fig.1. In the end, we find
that ∆S
(n)
A can be computed as
∆S
(n)
A
=
1
1− n
[
log
〈O†a(wl, w¯1)Oa(w2, w¯2)· · ·Oa(w2n, w¯2n)〉Σn
−n log 〈O†a(wl, w¯1)Oa(w2, w¯2)〉Σ1
]
, (5)
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FIG. 1. The n-sheeted space Σn. The red interval describes
the subsystem A.
where (w2k+1, w2k+2) for k = 1, 2, · · ·, n − 1 are n − 1
replicas of (w1, w2) in the k-th sheet of Σn. The term
in the second line is given by a 2n points correlation
function on Σn. The final term is a two point function
on Σ1 = R
2 and we normalized this such that
〈O†a(w1, w¯1)Oa(w2, w¯2)〉Σ1 =
1
|w12|4∆a =
1
(2ǫ)4∆a
, (6)
which is equal to N−1. Here ∆a is the (chiral and anti-
chiral) conformal dimension of the operator Oa.
RENYI ENTANGLEMENT ENTROPY FOR n = 2
Let us first study the n = 2 case ∆S
(2)
A in detail. Later
we will generalize the results to any n. We can apply the
conformal transformation:
w
w − L = z
n, (7)
which maps Σn to Σ1. Setting n = 2 and using (3), the
coordinates zi are given by (similarly z¯i using (4))
z1 = −z3 =
√
l − t− iǫ
l + L− t− iǫ ,
z2 = −z4 =
√
l − t+ iǫ
l + L− t+ iǫ . (8)
It is useful to define the cross ratios (z, z¯)
z =
z12z34
z13z24
, z¯ =
z¯12z¯34
z¯13z¯24
, (9)
where zij = zi− zj. We would like to study the behavior
of (z, z¯) in the limit ǫ→ 0. When 0 < t < l or t > L+ l,
we find (z, z¯)→ (0, 0):
z ≃ L
2ǫ2
4(l− t)2(L+ l − t)2 , z¯ ≃
L2ǫ2
4(l+ t)2(L+ l + t)2
.
In the other case l < t < L+ l, we find (z, z¯)→ (1, 0):
z ≃ 1− L
2ǫ2
4(l − t)2(L + l − t)2 , z¯ ≃
L2ǫ2
4(l + t)2(L + l+ t)2
.
Though this limit (z, z¯) → (1, 0) does not seem to re-
spect the complex conjugate, it inevitably arises via our
analytical continuation of t from imaginary to real values.
Owing to the conformal symmetry, the four point func-
tion on Σ1 can be expressed as
〈O†a(z1, z¯1)Oa(z2, z¯2)O†a(z3, z¯3)Oa(z4, z¯4)〉Σ1
= |z13z24|−4∆a ·Ga(z, z¯). (10)
Applying the conformal map (7), we obtain the four point
function on Σ2:
〈O†a(w1, w¯1)Oa(w2, w¯2)O†a(w3, w¯3)Oa(w4, w¯4)〉Σn
=
4∏
i=1
∣∣∣∣dwidzi
∣∣∣∣
−2∆
〈O†a(z1, z¯1)Oa(z2, z¯2)O†a(z3, z¯3)Oa(z4, z¯4)〉Σ1
= (4L)−8∆a
∣∣∣∣(z21 − 1)(z22 − 1)z1z2
∣∣∣∣
8∆a
·Ga(z, z¯). (11)
Using this and (6), the relevant ratio is expressed as a
function which depends only on z:
〈O†a(w1, w¯1)Oa(w2, w¯2)O†a(w3, w¯3)Oa(w4, w¯4)〉Σn(
〈O†a(w1, w¯1)Oa(w2, w¯2)〉Σ1
)2
= |z|4∆a|1 − z|4∆a ·Ga(z, z¯). (12)
For example, let us consider a c = 1 CFT defined by
a (non-compact) massless free scalar φ and choose two
operators
O1 = e i2φ, O2 = 1√
2
(e
i
2
φ + e−
i
2
φ), (13)
which have the same conformal dimension ∆1 = ∆2 =
1
8 .
Then, the function Ga(z, z¯) is found to be
G1(z, z¯) =
1√|z| |1− z| ,
G2(z, z¯) =
1
2
√|z||1− z| (|z|+ 1 + |1− z|) . (14)
It is obvious that the Renyi entropy always becomes triv-
ial ∆S
(2)
A = 0 for the operator O1. For O2, we find
∆S
(2)
A =
{
0 (0 < t < l, or t > l + L) ,
log 2 (l < t < l + L) .
(15)
This is depicted in Fig.2.
The reason why we find the trivial result for O1 is
because the excited state e
i
2
φ|0〉 can be regarded as a di-
rect product state e
i
2
φL |0〉L⊗e i2φR |0〉R in the left-moving
(L: chiral) and right-moving (R: anti-chiral) sector [5].
Therefore it is not an entangled state.
On the other hand, O2 creates a maximally entan-
gled state (or equally Einstein-Podolsky-Rosen state):
1√
2
(
e
i
2
φL |0〉L ⊗ e i2φR |0〉R + e− i2φL |0〉L ⊗ e− i2φR |0〉R
)
,
which carries the Renyi entropy log 2 for any n [5]. At
3t = 0, we insert this operator at the point x = −l, which
creates an entangled pair. The pair propagates in the
left and right directions at the speed of light. When
l < t < l + L, one fragment stays on the subsystem A
and the other on B, which leads to the log 2 entropy.
When 0 < t < l or t > l + L, both fragments live in B
and thus the entropy vanishes. This argument based on
the causal propagations explains the result (15).
This behavior is universal for any primary operators in
any CFTs as is clear from (12), though the explicit value
of Renyi entropy for l < t < l+ L depends on the choice
of operator and CFT as we will study below.
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FIG. 2. The time evolution of ∆S
(2)
A
for O2. We set l =
1, L = 1.
In general CFTs, the function G(z, z¯) can be expressed
using the conformal blocks [8]:
Ga(z, z¯) =
∑
b
(Cbaa)
2Fa(b|z)F¯a(b|z¯), (16)
where b runs over all primary fields. In our normalization,
the conformal block Fa(b|z) behaves in the z → 0 limit:
Fa(b|z) = z∆b−2∆a(1 +O(z)), (17)
∆b is the conformal dimension of Ob.
Since we found (z, z¯) → (0, 0) when 0 < t < l or t >
l + L, we get the behavior Ga(z, z¯) ≃ |z|−4∆a, as the
dominant contribution arises when b = 0 i.e. when Ob
coincides with the identity O0(≡ I). Applying (12), we
get ∆S
(2)
A = 0, as expected from the causality argument.
To analyze the entropy when the causality condition
l < t < l + L is satisfied, we need to apply the fusion
transformation, which exchanges z2 with z4 (or equally
z with 1− z):
Fa(b|1− z) =
∑
c
Fbc[a] · Fa(c|z), (18)
where Fbc[a] is a constant, called Fusion matrix [9, 10].
In the limit (z, z¯)→ (1, 0), we obtain
Ga(z, z¯) ≃ F00[a] · (1− z)−2∆a z¯−2∆a . (19)
Therefore we find the following expression from (12):
∆S
(2)
A = − logF00[a]. (20)
Moreover, in rational CFTs, based on the arguments
of bootstrap relations of correlations functions [9, 11], it
was shown in [10] that F00[a] coincides with the inverse
of the quantity called quantum dimension da:
F00[a] =
1
da
=
S00
S0a
, (21)
where Sab is the modular S matrix of the rational CFT
we consider. In this way we obtain the remarkably simple
result for two dimensional rational CFTs:
∆S
(2)
A = log da, (22)
when l < t < l + L.
For example, if we consider the (p+1, p) unitary min-
imal model and choose Oa to be the (m,n) primary op-
erator [8], we can explicitly confirm (18) and (21) using
the expressions of four point functions in [12] and ∆S
(2)
A
for l < t < l+ L is found to be
∆S
(2)
A = log

 (−1)n+m · sin
(
π(p+1)m
p
)
sin
(
πpn
p+1
)
sin
(
π(p+1)
p
)
sin
(
πp
p+1
)

 .
(23)
RENYI ENTROPY FOR GENERAL n
The n-th Renyi entanglement entropy can be obtained
from the formula (5) by computing the 2n point func-
tions. Owing to the previous discussions, since we are
interested in the non-trivial time period: l < t < l + L,
we can assume the limit L → ∞ and employ the simple
conformal map w = zn. Then the 2n points z1, z2, · · ·, zn
in the z coordinate are given by
z2k+1 = e
2πi kn (iǫ+ t− l) 1n = e2πi k+1/2n (l − t− iǫ) 1n
z2k+2 = e
2πi kn (−iǫ+ t− l) 1n = e2πi k+1/2n (l − t+ iǫ) 1n ,
z¯2k+1= e
−2πi kn (−iǫ− t− l) 1n = e−2πi k+1/2n (l + t+ iǫ) 1n
z¯2k+2= e
−2πi kn (iǫ− t− l) 1n = e−2πi k+1/2n (l + t− iǫ) 1n . (24)
Then we get
〈O†a(w1, w¯1)Oa(w2, w¯2) · · · Oa(w2n, w¯2n)〉Σn
(〈Oa(w1, w¯1)†Oa(w2, w¯2)〉Σ1 )n
= Cn · 〈O†a(z1, z¯1)Oa(z2, z¯2) · · · Oa(z2n, z¯2n)〉Σ1 , (25)
where we defined
Cn =
(
4ǫ2
n2(l2 − t2)
)2n∆a
·
2n∏
i=1
(ziz¯i)
∆a . (26)
4At early time 0 < t < l, we obtain in the ǫ→ 0 limit
z2k+1 − z2k+2 ≃ − 2iǫ
n(l− t)z2k+1 = −
2iǫ
n(l− t)z2k+2,
z¯2k+1 − z¯2k+2 ≃ 2iǫ
n(l + t)
z¯2k+1 =
2iǫ
n(l + t)
z¯2k+2. (27)
In this limit the 2n point function is factorized as follows
〈O†a(z1, z¯1)Oa(z2, z¯2) · · · Oa(z2n, z¯2n)〉Σ1
≃
n−1∏
k=0
〈O†a(z2k+1, z¯2k+1)Oa(z2k+2, z¯2k+2)〉Σ1 . (28)
Therefore we can confirm that the ratio (25) becomes
unity and this leads to ∆S
(n)
A = 0.
On the other hand, at late time t > l, we find
z2k+1 − z2k ≃ − 2iǫ
n(l − t)z2k+1 = −
2iǫ
n(l − t)z2k,
z¯2k+1 − z¯2k+2 ≃ 2iǫ
n(t+ l)
z¯2k+1 =
2iǫ
n(t+ l)
z¯2k+2. (29)
In order to factorize the 2n point functions into n two
point functions, we need to rearrange the order of the
holomorphic coordinates: [z1, z2, ···, z2n] in the right hand
side of (28) as follows
(z1, z2)(z3, z4)···(z2n−1, z2n)→ (z3, z2)(z5, z4)···(z1, z2n).
If we decompose this procedure into boot-strap transfor-
mations of four point functions, we can easily find that it
is realized by acting n−1 times the fusion transformation
(18) as in Fig.3. Thus we obtain
〈Oa(z1, z¯1)Oa(z2, z¯2) · · · Oa(z2n, z¯2n)〉Σ1
≃ (F00[a])n−1 ·
[
n−1∏
k=0
(z2k+1 − z2k)(z¯2k+1 − z¯2k+2)
]−2∆a
.
Finally, the ratio (25) at late time is computed to be
(F00[a])
n−1 = (da)1−n. In this way, we obtain the fol-
lowing simple formula:
∆S
(n)
A = log da. (30)
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FIG. 3. The fusion transformations to obtain ∆S
(n)
A
.
Note that for any given a, the quantum dimension da
is known to be the largest eigenvalue of the fusion matrix
(Na)
c
b(= N
c
ab). The number of primary fields contained
in the operator product of [Oa]k is estimated as ∼ (da)k
when k is very large (see e.g. [2]). Therefore it should be
interpreted as an effective degrees of freedom included in
the operatorOa and our results give a clear manifestation
of this statement using the (Renyi) entanglement entropy.
For example, in the Ising model (i.e.(4,3) minimal
model), there are three primary operators: the identity I,
the spin σ and the energy operator ψ. Since the quantum
dimension is zero for I and ψ, ∆S
(n)
A is always vanish-
ing for these. However, for the spin operator σ, we find
∆S
(n)
A = log
√
2 for any n as dσ = 2. This fact can be
explicitly confirmed by using the identity [13]:
(〈σ(z1, z¯1)σ(z2, z¯2) · · · σ(z2n, z¯2n)〉Σ1 )2
= 〈O2(z1, z¯1)O2(z2, z¯2) · · · O2(z2n, z¯2n)〉Σ1 , (31)
where O2 was defined in (13).
CONCLUSIONS
In conclusion, we derived the simple formula (30) for
both Renyi (n ≥ 2) and von-Neumann (n = 1) entan-
glement entropy at late time. The essence of our proof
was that the time evolution performs the fusion trans-
formation only in left-moving sector. More generally if
we consider a product of primary operators
∏
a(Oa)na ,
we obtain ∆S
(n)
A =
∑
a na log da, using the sum rule
in [6]. Note that the quantum dimension da satisfies
dadb =
∑
cN
c
abdc.
It is interesting to note that the topological entangle-
ment entropy [1] also has the same contribution log da in
the presence of anyons. However, our result shows that
this contribution arises in an explicit dynamical systems
defined by two dimensional rational CFTs, where the
consideration of time evolution played an important role.
Finally it will also be an intriguing future problem to
understand our results from the viewpoint of holographic
entanglement entropy [14].
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